Why the Cross Section Lives on a Transverse Plane

To measure any interaction we have to aim particles at a
target. Aiming picks a direction. Once a direction is picked,
motion lives on one axis and the choice of where the projectile
is aimed lives on the two axes perpendicular to it. The beam
exists because of how we ask the question, and the transverse
plane exists because the remaining freedom after fixing the
direction of motion is exactly two dimensional.

Take this seriously and follow it through. A projectile moves
along Z with velocity v. Its trajectory is fully fixed by where
it sits in the (x,y) plane at any moment, so the impact
parameter is a 2D vector b = (bz,by). Whether or not the
projectile interacts with the target is a function of b alone.
The set of impact parameters that produce a given interaction
is a region in this plane. Regions in a plane carry an area.
That is the cross section.

For a hard sphfzre of radius R this is literal. The condition
for contact is [b] < R, so the scattering region is a disk and
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The classical and the operational pictures coincide here be-
cause the geometric shadow of the sphere is exactly the area
we would extract from a counting experiment. To see the
operational side, send a uniform beam with areal flux ® (par-
ticles per unit transverse area per unit time) at N, targets.
The rate of events is
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which inverts to
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The flux ® has units of particles per area per time because the
beam crosses a 2D surface in 1D time. This is not a convention.
A moving stream deposits content across a surface oriented
perpendicular to its motion, and a surface is 2D. Multiply ®
by an area and you get a rate. Divide a rate by ® and you
get an area. The cross section inherits its dimension from
flux, and flux inherits its dimension from the perpendicular
surface that the beam crosses.

The classical impact parameter picture and the operational
rate picture are the same statement said twice. Slice the beam
at fixed z and look at the plane it crosses. The probability
that one projectile lands in a small patch d?b around b is
® d?b/ Py The probability that this projectile triggers an
interaction given that it landed at b is some function P ().
Multiply and integrate:

o= /deP(b).

For the hard sphere P(b) = ©(R—|b|) and we recover 7 R2. For
Coulomb scattering P(b) is not a step function but a smooth

function that turns the scattering angle into a function of g,
and the differential cross section becomes
do b |db

dQ ~ sinf |do
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which for a Coulomb potential gives the Rutherford result

dj o (Z1Z262 )2 1
aQ 4E sin*(0/2)
Different physics, same plane. The integral is still [ d?b. The

dimension of the answer is still area, because the variable
being integrated is still a 2D position in the transverse plane.

In quantum mechanics the projectile is no longer a point on
a line. It is a wavepacket. But the same logic holds with
one rewriting. The scattering amplitude f(6, ¢) in the partial
wave expansion uses an angular momentum decomposition
with ¢, and semiclassically ¢/ =~ pb, so the transverse impact
parameter survives quantum mechanically as the angular mo-
mentum quantum number divided by p. The optical theorem
ties the total cross section to the forward amplitude through

4
Otot = iImf(O)v
p

and the eikonal expansion converts this into a 2D integral

Otot = 2/d2b [1 - Reex(®],

where x(b) is the eikonal phase shift acquired by the
wavepacket. The integration variable is once again the 2D
impact parameter. Quantum mechanics replaces the deter-
ministic indicator P(l_;) by a complex amplitude, but the plane
it lives on is the same plane.

In QFT the same structure persists. The relativistic rate for
a 4+ b — X uses the invariant matrix element M and the
Lorentz invariant phase space d®,,,
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F has dimensions of energy squared in natural units, which is
inverse area. Dividing by it gives an area back, exactly as for
Rutherford and the hard sphere. The reason is identical at
every level. The incoming particles share a relative direction.
The transverse degrees of freedom that decide whether they
interact form a 2D plane. The integration over those degrees
of freedom gives an area.

So the hard sphere, the Coulomb scatterer, the eikonal, and
the QFT amplitude all return an area for the same reason.
Once you fix the relative direction of approach, the only
freedom left in the targeting is two dimensional. The cross
section is the measure of that freedom restricted to the tra-
jectories that trigger the interaction. The hard sphere is the
case where this measure is the geometric shadow. Everything
else replaces the indicator by a probability or an amplitude
squared. The plane underneath does not change.



